The Bethe-Salpeter equations for the collective modes of a t-U -V -J model are used to analyze the resonance peak observed at Q = (π, π) in neutron scattering experiments on the cuprates. We assume that the resonance emerges due to the mixing between the spin channel and 19 other channels. We have calculated the energy of the lowest mode of the extended Hubbard model (J = 0) vs the on-site repulsive interaction U , as well as the U J lines in the interaction parameter space which are consistent with the ARPES data and reproduces the resonance peak at 40 meV in Bi2212 compound. We find that the resonance is predominantly a spin exciton.
where V ψ = 2V + 3J/2, E(k) = ε 2 k + ∆ 2 k . The mean-field electron energy ε k has a tight-binding form ε k = t 1 (cos k x + cos k y ) /2+t 2 cos k x cos k y +t 3 (cos 2k x + cos 2k y )/2 + t 4 (cos 2k x cos k y + cos 2k y cos k x )/2 + t 5 cos 2k x cos 2k y − µ obtained by fitting the ARPES data with a chemical potential µ and hopping amplitudes t i for first to fifth nearest neighbors on a square lattice. ∆, t 1 , ..., t 5 and µ should all be thought of as an effective set of parameters, while V ψ has to be determined by the gap equation. For Bi2212 compound, there are two possible sets of parameters with all tight-binding basis functions involved (see Table 1 have used another set of parameters (we shall call it H&C) for Bi2212 compound with a doping concentration x = 0.12: t 1 = −4t, t 2 = 1.2t, t = 0.433 eV, µ = −0.94t, ∆ = 35 meV and V ψ = 0.6t. The parameters U, V and J should be adjusted in such a way that the sharp collective mode which appears at wave vector Q 0 = (π, π) in inelastic neutron-scattering resonance (INSR) studies 3 occurs at energy which corresponds to the lowest collective mode of the corresponding Hamiltonian. In RPA the resonance is determined by the pole of the spin correlation function, which in the case of J = 0 (the phase diagram at half filling shows an "island" in U-V space where d-wave pairing exists 4 ) is:
, where the bare spin correlation function 1,5 is χ 0 00 = I γ γ (I γ γ is defined later in the text). Using the H&C set of parameters 2 and a resonance energy of 40 meV, we calculate the RPA value of U of about 1.16 eV. Sets 1 and 2 provide U
(1) = 0.533 eV and U (2) = 0.418 eV, respectively. The coupling of the spin channel with other channels should change the RPA results for U . For example, we have two π channels 6 with bare π susceptibilities χ represent the mixing of the spin and two π channels. Thus, the coupling of the spin and two π channels (a three-channel response-function theory) leads in the generalized random phase approximation (GRPA) to a set of three coupled equations, 2 and the value of U is reduced from 1.16 eV to 0.974 eV. When the extended spin channel is added to the previous three channels, we have a set of four coupled equations (a four-channel theory), and according to Ref. [7] U ≈ 300 meV is required in the case when V ψ =0.260 eV and J = 0.
In what follows, the energy of the resonance is obtained from the solution of 20 coupled Bethe-Salpeter (BS) equations for the collective modes in GRPA, i.e. the resonance emerges due to the mixing between the spin channel and other 19 channels. In our approach the INSR energy solves det| χ −1 − V | = 0, where the mean-field response function χ and the interaction V are 20 × 20 matrices. The secular determinant can be rewrit-
In the case of the four-channel responsefunction theory, 7, 8 A is a 4 × 4 matrix while the mixing with the other 16 channels is represented by a 4 × 4 matrix BC −1 B T . We emphasize that none of the previous theoretical interpretations of the INSR feature at Q 0 have accounted properly for the mixing term BC −1 B T .
t-U-V-J model. The Hamiltonian of the t-U -V -J model consists of t and U terms representing the hopping of electrons between sites of the lattice and their on-site repulsive interaction, as well as the spin-independent attractive interaction V and the spin-dependent antiferro- Table 1 in Ref.
[1] (set 1 and set 2), and the Hao and Chubukov parameters (curves H&C). The puncture curve represents the three-channel energy (Fig. 4 in Ref. [2] ). magnetic interaction J:
(1)
Here, the Fermi operator ψ † i,σ (ψ i,σ ) creates (destroys) a fermion on the lattice site i with spin projection σ =↑, ↓ along a specified direction and n i,σ = ψ † i,σ ψ i,σ is the density operator on site i with a position vector r i . The symbol <ij> means sum over nearestneighbor sites. t ij is the single electron hopping integral. The antiferromagnetic spin-dependent interaction J <i,j> − → S i . − → S j = J 1 + J 2 consists of two terms:
, where x and y are composite variables and the field operators obey anticommutation relations. The "hat" symbol over any quantity O means that this quantity is a matrix.
The interaction part of the extended Hubbard Hamiltonian is quartic in the Grassmann fermion fields so the functional integrals cannot be evaluated exactly.
However, we can transform the quartic terms to a quadratic form by applying the HubbardStratonovich transformation for the electron operators:
. The last equation is used to define the 4×4 matrices D 
For a square lattice and nearest-neighbor interactions V (k) = 4V (cos(k x ) + cos(k y )) and J(k) = J(cos(k x ) + cos(k y )). Now, we can establish a one-to-one correspondence between the system under consideration and a system which consists of a four-component boson field A α (z) interacting with fermion fields ψ(y) and ψ(x).
The action of the model system is S = S 
Here, we have used composite variables x, y, z = {r i , u}, where r i is a lattice site vector, and variable u range from 0 to β = 1/k B T (T and k B are the temperature and the Boltzmann constant). We set = 1 and we use the summation-integration convention: that repeated variables are summed up or integrated over.
Following the same steps as in Refs. [12, 13] , we can derive a set of sixteen BS equations for the collective mode ω(Q) and BS amplitudes Ψ Q n1n2 (k) (n 1 , n 2 = 1, 2, 3, 4). Their matrix representation at zero temperature is :
where G(k; ω) is the BCS Green's function. 10, 11 The di- 
β interactions mix all sixteen BS amplitudes. We can greatly simplify Eqs. (2) using the fact that in the RPA the susceptibilities at Q 0 are convolutions of two single-particle Green's functions G, and the equation for the collective mode in the RPA is: χ originate from (U, J 1 ) and J 2 interactions, respectively. The term C 12 mixes the J 1 and J 2 interactions, but it is proportional to convolutions which involve the anomalous Green's functions G 13 and G 24 . The two Green's functions appears in the case of spin triplet pairing states where the order parameter ∆ αβ (k) is a 2 × 2 matrix. For a singlet superconductivity and d-wave pairing ∆ αβ (k) = i(σ y ) αβ ∆(k), C 12 (ω) = 0, and the equation for collective modes becomes [1 + (U + 4J)I γ γ ] [1 + 4JI γ γ ] = 0, i.e. J 1 and J 2 terms contribute separately to the collective modes. Thus, we shall neglect all contributions due to the J 2 term in Eqs. (2) . In this approximation we have a set of four equations, which can be further simplified to a set of two equations in the same manner as in Refs. [12, 13] :
Here ε(k, Q) = E(k + Q) + E(k), and we use the same form factors as in Ref. [12] :
It is worth mentioning that in the case of an extended Hubbard model (J = 0), Eqs. (3) and (4) are the exact BS equations in the GRPA. They are in accordance with the Goldstone theorem which says that the gauge invariance is restored by the existence of the Goldstone mode whose energy approaches zero at Q = 0. The last statement corresponds to the so-called trivial solution of the BS equations:
, and the gap equation
is recovered from our BS equations. The Fourier transforms of V and J interactions are separable, i.e. V (k − q) = 2V λ k λ T q and J(k − q) = J λ k λ T q /2, and therefore, Eqs. (3) and (4) can be solved analytically. Here λ k = (s k , d k , ss k , sd k ) is an 1 × 4 matrix, and we have used the following notations: 
The elements of P, Q and R blocks are convolutions of conventional two normal GG, two anomalous F F Green's functions or F G terms. At the high-symmetry wave vector Q 0 , I with i = j all vanish. Thus, blocks P and Q, each has 10 different non-zero elements, while R has 40 non-zero elements. In other words, the ω dependence of χ (or χ −1 ) comes from these 60 non-zero elements. It is worth mentioning that within the four-channel theory 7 the collective mode energy has been calculated by using a 4 × 4 symmetric matrix χ which has only 6 non-zero elements at Q 0 : χ 11 = I γ γ , χ 22 = I In Fig. 1 we present the results of our calculations of the lowest collective mode of the extended Hubbard model (J = 0) using 49 × 49 k points in the Brillouin zone and three possible sets of parameters: sets 1 and 2 include all tight-binding basis functions (see Table 1 in Ref.
[1]), while the third set (H&C) is used by Hao and Chubukov.
2 As can be seen in Fig. 1 , BS equations provide energies which are significantly different from those obtained according to the three-channel theory (see Fig.  4 in Ref. [2] ). In Fig. 2 and Fig. 3 we present the results of our calculations of the lines in U, J parameter space which reproduce the INSR energy of 40 meV using all twenty channels. We see that the RPA spin correlation function and the BS equations in GRPA, both provide very similar results for U at point J = 0. This indicates that the resonance remains predominantly a spin exciton.
In summary, we have derived a set of four coupled BS equations for the collective modes of the t − U − V − J model including the J 1 part of the antiferromagnetic interaction. These equations have been used to analyze the resonance peak in Bi2212. It is interesting to note that the trivial solution of the BS equations (3) and (4 leads to an equation similar to the gap equation but with V ψ = 2V +J/2 instead of V ψ = 2V +3J/2. The Goldstone mode, which is expected on physical grounds as the symmetry is spontaneously broken by the condensate, does exist as a trivial solution of the sixteen BS equations.
